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In recent years, there has been an increased interest in the generation of superposition of coherent
states with opposite phases, the so-called photonic Schrödinger-cat states. These experiments are
very challenging and so far, cats involving small photon numbers only have been implemented. Here,
we propose to consider two-mode squeezed states as examples of a Schrödinger-cat-like state. In par-
ticular, we are interested in several criteria aiming to identify quantum states that are macroscopic
superpositions in a more general sense. We show how these criteria can be extended to continuous
variable entangled states. We apply them to various squeezed states, argue that two-mode squeezed
vacuum states belong to a class of general Schrödinger-cat states and compare the size of states
obtained in several experiments. Our results not only promote two-mode squeezed states for ex-
ploring quantum effects at the macroscopic level but also provide direct measures to evaluate their
usefulness for quantum metrology.
Introduction — The question of what is a macro-
scopic quantum state has received quite a lot of atten-
tion over the last decade [1–4]. The motivation is not to
address a new question – not at all, as it dates back from
the early days of quantum theory [5] – but rather comes
from the experimental progress, now allowing one to har-
ness large systems while highlighting their quantum na-
ture. Quantum optics experiments reporting on squeez-
ing operations provide a nice example. They are obtained
from a χ2-nonlinearity and can result in largely entangled
states. The entanglement can further be detected with
homodyne detections, by means of the Duan – Simon
criterion [6, 7]. When the χ2-nonlinearity is seeded by
coherent states and/or embedded in a high finesse cav-
ity, entanglement in squeezed states can be demonstrated
with a huge number of photons – so huge that they can
be detected with classical power-meters [8–14]. This nat-
urally raises the question of whether squeezed states have
macroscopic quantum features – a question of deep rele-
vance because so far squeezed states have been combined
with conditional detections [15–21] for exploring quan-
tum effects in many photon states.
In the literature, there exist different criteria for quan-
tifying the macroscopic quantumness [1, 22–32]. Typi-
cally, this includes a definition that assigns to a quan-
tum state a number, which is here called effective size
(or simply size). Surprisingly, none of them unambigu-
ously applies to two-mode squeezed states and, at the
same time, is able to compare their size to those of other
states. These criteria can be grouped into two categories.
The first one addresses the question of whether a two
component superposition |φ0〉+ |φ1〉 is macroscopic, i.e.,
whether |φ0〉 and |φ1〉 are macroscopically distinct. For
example, the proposal of Ref. [27] states that two spin
states are macroscopically distinct if they can be distin-
guished from a small number of their spins – as a dead
cat and an alive cat can be distinguished from a small
number of their cells. We can also refer to the propos-
als of Ref. [31, 33] defining two states as being macro-
scopically distinct if they can be distinguished with a
coarse-grained measurement – as a dead cat and an alive
cat can be distinguished with a detector having a very
limited resolution. The second category aims to iden-
tify quantum states that are able to show some kind of
macroscopic quantum effect. This term characterizes ex-
perimental evidence that can not be explained by an ac-
cumulated quantum effect originated at the microscopic
level of the system. For pure states, a large variance
with respect to given observables and Hamiltonians is
a sufficient signature for quantum fluctuations that are
persistent on a macroscopic level. For mixed states, one
typically uses a convex function that reduces to the vari-
ance for pure states. For example, the proposal of Ref. [1]
shows how the notion of macroscopicity can be linked to
the so-called quantum Fisher information [34]. Focusing
on photonic states, both groups have strong limitations.
The first ones only apply to states of the form |φ0〉+ |φ1〉
and cannot be used directly to measure the size of contin-
uous variable (cv) states. The second category does not
focus on a specific state structure but an unambiguous
extension to multimode states is missing [35].
In this letter, we show how representative measures
of each groups can be extended to cv entangled states.
These extensions allow one to characterize the macro-
scopicness of two-mode squeezed states. In particular,
we prove that the effective size of two-mode squeezed
vacuum states (with N mean photons) is basically the
same as superpositions of coherent states with opposite
phases |α〉 + | − α〉 and |α|2 tanh |α|2 = N ; but with
the great advantage that they are much easier to create.
The tools that we propose allow one to bound the
size of states obtained experimentally as well as their
usefulness for parameter estimations beyond the classical
limit. Aside from their fundamental interest, our results
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2thus have important applications for quantum metrology.
Two-mode vacuum squeezed states — As an exam-
ple of two-mode squeezed states, let us consider the two-
mode squeezed vacuum. It is obtained from a parametric
process in which photons from a pump laser decay spon-
taneously into photon pairs – one in mode 1, its twin
in mode 2 – while preserving energy and momentum.
The corresponding propagator S¯(g) = eg(a1a2−a
†
1a
†
2) with
squeezing parameter g, applies straightforwardly on the
vacuum if written in the normal order. This results in
ψtms = (1− tanh2 g) 12 etanh g a
†
1a
†
2 |00〉. (1)
The mean photon number in both mode is N =
2tr(a†1a1|ψtms〉〈ψtms|) = 2 sinh2 g. Furthermore, the
variance of the observable X¯ϕ1 − X¯φ2 where X¯θi =
1√
2
(
aie
iθ + a†ie
−iθ
)
is given by
Vψtms(X¯
ϕ
1 − X¯φ2 ) = cosh 2g − sinh 2g cos(ϕ+ φ). (2)
This indicates that the quadratures X¯01 – X¯02 are cor-
related whereas X¯pi/21 – X¯
pi/2
2 are anti-correlated. The
quantum nature of these correlations can be revealed
through the Duan – Simon criterion [6, 7] which states
that for any bipartite separable states and any real pa-
rameter a
Vsep
(
|a|X¯φ1 +
1
a
X¯Φ2
)
+ Vsep
(
|a|X¯φ′1 −
1
a
X¯Φ
′
2
)
> a2〈[X¯φ1 , X¯φ
′
1 ]〉+
1
a2
〈[X¯Φ2 , X¯Φ
′
2 ]〉
≥ 2 for φ− φ′ = Φ− Φ′ = pi
2
(3)
while for a two-mode squeezed state
Vψtms
(
X¯01 − X¯02
)
+ Vψtms
(
X¯
pi/2
1 + X¯
pi/2
2
)
= 2e−2g.
The questions that are at the core of this letter are:
How to evaluate the size of this kind of states? Are their
effective size comparable to other photonic states?
Macroscopic distinctness for cv states — While sev-
eral definitions have been proposed to identify states that
are macroscopically distinct [24, 25, 27, 28, 31], we here
focus on the proposal of Ref. [31] based on coarse-grained
measurements. This choice is arbitrary to some extent.
Note, however, that the extension that we propose below
easily applies to the measure of Ref. [27]. The exten-
sion of measures of Refs. [25, 28] to two-mode squeezed
states is less obvious as they primarily address spin sys-
tems but the link between measures for spins and photons
presented in [4] might be the way to proceed.
The basic principle of the measure of macroscopicity
based on coarse-grained measurement is simple. It can
be seen as a game where Alice chooses a state in the set
{|φ0〉, |φ1〉} with equal a priori probabilities and sends it
to Bob. Bob has to guess which one has been sent using a
coarse-grained measurement only. It can be any measure-
ment provided that its resolution is limited. The quan-
tum superposition state |φ0〉 + |φ1〉 is qualified macro-
scopic if Bob wins the game with a detector having no
microscopic resolution. Concretely, if one focuses on a
noisy photon counting detector for example, the size of
|φ0〉 + |φ1〉 is characterized by the noise that one can
tolerate to distinguish |φ0〉 and |φ1〉.
To extend this measure to cv states, we can mimic
its original idea by introducing a 50/50 binning of mea-
surement outcomes. For a two-mode squeezed vacuum
state in particular, Alice measures her mode with a given
quadrature and bins the result with respect to its sign.
As Alice’s measurement is assumed to be very accu-
rate, this binning corresponds to equiprobable projec-
tions onto two orthogonal subspaces of the measured
state. Bob has to guess whether she got a positive or
negative outcome by measuring his mode with a noisy
measurement. The distinguishability of components that
Bob receives is again given by the noise that can be
tolerated to win the game. Note that the measure-
ment of correlated quadratures maximizes the proba-
bility to correctly guess Alice’s outcome. Concretely,
the probability that Alice gets the result x1 and Bob
x2 knowing that they measure the quadratures X¯01 and
X¯02 is given by |p(x1, x2, σ)|2 = tr(|ψtms〉〈ψtms|δ(X¯01 −
x1)gσ(X¯
0
2 − x2)) where gσ stands for the noise of Bob’s
measurement device. We assume that gσ is a Gaus-
sian with spread σ and zero mean. Hence, the proba-
bility that Bob correctly guesses the sign of Alice’s re-
sult is given by P guessσ =
∫ +∞
0
|p(x1, x2, σ)|2dx1dx2 +∫ 0
−∞ |p(x1, x2, σ)|2dx1dx2. We find
P guessσ =
1
2
+
1
pi
arctan(
sinh 2g√
1 + 2σ2 cosh 2g
). (4)
We can access the maximum noise σmax that Bob can
tolerate to win the game with a fixed probability P guessσ
by inverting the previous formula:
σmax =
√
−1 +N( 12 +N)cotan2( 12 − P guessσ )
2 + 2N
, (5)
For comparison, the noise that can be tolerated to win
a similar game with the optical Schrödinger-cat state
(| ↑〉|α〉 − | ↓〉| − α〉) is given by
σmax =
√
|α|2(
erf−1 (P guessσ )
)2 − 12 .
In both cases, the noise scales like the square root of
the photon number. Two-mode squeezed states and
Schrödinger-cat states thus belong to the same class of
macroscopic states.
3Let us now focus on practical considerations. The ob-
servation that Alice’s and Bob’s x-quadratures of the
two-mode squeezed vacuum state are “macroscopically”
correlated (correlated at a large scale, larger then the
detector’s resolution) is at the heart of our generaliza-
tion of the coarse-grained measure. These correlations
can be revealed by measuring the joint probability dis-
tribution |p(x1, x2, 0)|2 with accurate quadrature mea-
surements. (For simplicity, we introduce p(x1, x2) =
p(x1, x2, 0) which stands for the probability amplitudes
without noise.) Although this approach is sufficient to
measure the size of a given state in theory, one also has
to ensure that those correlations are truly quantum in
practice. In mathematical terms, we can always write
the state that is shared by Alice and Bob in the x-basis
ρ =
∫
p(x1, x2)p
∗(x¯1, x¯2)f(x1, x¯1, x2, x¯2)·
|x1, x2〉〈x¯1, x¯2| dx1dx2dx¯1dx¯2, (6)
with
∫ |p(x1, x2)|2dx1dx2 = 1 and f(x, x, x′, x′) = 1
∀x, x′. If the shared state is pure, we have
f(x1, x¯1, x2, x¯2) = 1 ∀x1, x¯1, x2, x¯2 and the correla-
tions revealed through the probability distribution
|p(x1, x2)|2 are fully quantum. The violation of the
Duan-Simon criterion is then sufficient to attest the
quantum nature of the state for which the size is
evaluated through σmax. But how to certify in practice
that the function f(x1, x¯1, x2, x¯2) is close to one, at least
in a certain range?
To do so, we consider the effect of imperfect coher-
ences (decoherence) f(x1, x¯1, x2, x¯2) 6= 1 on the observed
violation of the Duan-Simon witness. Note first that
the variance V (X¯01 − X¯02 ) can be directly obtained from
|p(x1, x2)|2. For the second term required in Eq. (3), we
can show that the variance in presence of decoherence
(see Appendix A)
V (X¯
pi
2
1 + X¯
pi
2
2 ) = V (X¯
pi
2
1 + X¯
pi
2
2 )|ideal
−〈(∂x1−x¯1 + ∂x2−x¯2)2f〉.
equals the ideal-case variance V (X¯
pi
2
1 + X¯
pi
2
2 )|ideal
plus a factor containing the crossed and sec-
ond derivatives of f 〈(∂x1−x¯1f(x1, x¯1, x2, x¯2)〉 =∫
dx1dx2|p(x1, x2)|2(∂x1−x¯1f(x1, x¯1, x2, x2))|x1=x¯1 , etc.
Since V (X¯
pi
2
1 + X¯
pi
2
2 )|ideal is positive, we get the following
upper-bound on the observed variance
− 〈(∂x1−x¯1 + ∂x2−x¯2)2f〉 ≤ V (X¯
pi
2
1 + X¯
pi
2
2 ) (7)
Note that without further assumptions, we cannot bound
the range δ for which f(x1, x1 + δ, x2, x2 + δ) stays close
to one. In words, even if the state of Alice and Bob
largely violate the Duan-Simon witness, the state can
be arbitrarily close to a separable one and p(x1, x2) es-
sentially correspond to classical correlations [36]. How-
ever, under the assumption of a Gaussian decay of coher-
ence f(x1, x¯1, x2, x¯2) = e−(x1−x¯1)
2/(2γ21)e−(x2−x¯2)
2/(2γ22),
Eq. (7) becomes 1
γ21
+ 1
γ22
≤ V (X¯ pi21 + X¯
pi
2
2 ). This implies
min(γ1, γ2) ≥ 1/
√
V (X¯
pi
2
1 + X¯
pi
2
2 ), i.e., if one observes the
variance Vψtms(X¯
pi
2
1 + X¯
pi
2
2 ) of the total momentum, we
can certify that the correlations |p(x1, x2)|2 are quantum
at least in the range
xC =
1√
Vψtms(X¯
pi
2
1 + X¯
pi
2
2 )
. (8)
Accordingly if the coherence range xC is lower than
the correlation range as witnessed by σmax, one can
only claim that the state exhibits quantum correlations
within the range xC , which is then the true size of the
state. Revealing the size of large quantum states thus
requires to reveal narrow variances which is harder and
harder as the size increases, cf. below.
General measures for multimode cv states — Besides
measures for macroscopic distinguishability, there has
been recent proposals that aim to go beyond the basic
structure |φ0〉+ |φ1〉 [1, 23, 25, 29]. While the measures
of Refs. [1, 23, 25] were originally defined for spin sys-
tems, the definition of Ref. [29] is directly suitable for cv
photonic states. For pure states, these three proposals
are comparable since a state |ψ〉 is called macroscopically
quantum if it shows a large variance V with respect to a
restricted class of operators. In the spin case, the propos-
als [1, 23, 25] focus on sums of local operators (henceforth
simply called “local operators”), whereas Lee and Jeong
[29] define their measure for pure states proportional to
V (X¯0) + V (X¯pi/2). In Ref. [4], it was argued that local
operators in the spin case play to some extent the same
role as quadature operators in mono-mode photonic sys-
tems.
The common feature of the proposals for mixed states
is that the measures [1, 23, 25, 29] are convex in the
state, which is an important and natural feature for the
present purpose. There are no clear arguments in favor
of one of the proposal. Nevertheless, we focus here on
the quantum Fisher information (QFI) [34]; denoted as
Fρ(X¯) for the state ρ and the operator X¯. Importantly,
the QFI is the convex roof of the variance [37, 38] (up to a
factor four), that is, it is the largest convex function that
reduces to the variance for pure states. For experiments,
it is interesting to note that there exist lower bounds on
the QFI based on measurable quantities [39].
The extension to photonic states with n > 1 modes
is not straightforward. Indeed, a multimode version for
the measure of Lee and Jeong was proposed [29]. How-
ever, it is additive and hence a bunch of “kitten states”
|ψα〉⊗n ∝ (|α〉 + |−α〉)⊗n (with potentially small α but
large n) is as macroscopically quantum as a “big” single
cat state
∣∣ψ√nα〉 ∝ |√nα〉 + |−√nα〉. Here, we propose
4instead to use a similar account that has been success-
fully applied in the spin case [1, 23, 25]. The idea is that
the effective size of a product state is the average value
of its components, while entangled states should be able
to profit from quantum correlations between the modes.
Both requirements are achieved by defining the effective
size for ρ as
Neff(ρ) =
1
4n
max
θ
Fρ(Xθ), (9)
where Xθ =
∑n
i=1 X¯
θi
i . In words, one maximizes
the QFI (or the variance for pure states) with re-
spect to sums of local quadrature operators parametrized
by θ = (θ1, . . . , θn). The examples from above then
lead to Neff(|ψα〉⊗n) = 2|α|2/[1 + exp(−2|α|2)] and
Neff(
∣∣ψ√nα〉) = 2n|α|2/[1 + exp(−2n|α|2)] (cp. to [40]).
We now come to the evaluation of the effective size for
the two-mode squeezed vacuum state. It is simple to see
that the variance is largest for the quadratures that are
maximally correlated. For the state (1), these are the
operators X¯01 + X¯02 and X¯
pi/2
1 + X¯
pi/2
2 . The effective size
for each of these choices reads Neff(ψtms) = 12V (X¯
0
1 +
X¯02 ) =
1
2e
2g ≈ N which is approximately half of the
value as for the cat state with the same photon number,
Neff(|ψα〉) ≈ 2N .
In principle, the effective size of a pure state could
be determined by witnessing a large variance for sums
of quadrature operators. However, for mixed states, a
large variance is not sufficient. Instead, one has to ver-
ify a large value of a convex function like the QFI. Since
this quantity is typically only accessibly through a full
state tomography, one has to find other means to esti-
mate it. Recently, a general lower bound on the QFI
has been found [39]. It was shown that for any quan-
tum state ρ and any pair of operators A,B, it holds that
Vρ(A)Fρ(B) ≥ 〈i[A,B]〉2ρ, which is a tighter version of
the Heisenberg uncertainty relation. Here, we use this in-
equality to bound the QFI from below. For B = X¯01 +X¯02 ,
we set A = X¯pi/21 + X¯
pi/2
2 and find i[A,B] = −2. Hence
one has
Neff(ρ) ≥ 1
Vρ(X¯
pi/2
1 + X¯
pi/2
2 )
. (10)
For the two-mode squeezed state, the anti-correlations
between X¯pi/21 and X¯
pi/2
2 lead to a reduced variance and
therefore to a potentially large value of Neff .
Note that Eq. (10) [as well as Eq. (8)] resembles very
much the ideas of Refs. [26, 41] for a generalized notion
of macroscopic quantum coherences. However, we use
these expressions only to bound quantitative measures.
These measures are general enough to compare two-
mode squeezed states with other states like cat states.
On the difficulty to certify the quantum nature of two-
mode squeezed states — The common feature of mea-
Figure 1. Bounds on the effective size Neff (blue squares) of
two-mode squeezed states obtained from experimental data
reported in Refs. [8–14] using inequality (10). The red trian-
gles indicate the minimal photon number N necessary for a
cat state |α〉+ |−α〉 to have the same effective size according
to Eq. (9). For example, the state reported in Ref. [8] has a
size Neff ≥ 1.2 for which one needs at least a cat state with
N ≈ 0.2 for the same size.
sures for macroscopicity presented before is the require-
ment to reveal narrow variances, especially when deal-
ing with large size states. How hard is it in practice?
To answer this question, we consider the effect of vari-
ous experimental imperfections on the observed variance
Vψtms(X¯
pi/2
1 + X¯
pi/2
2 ).
(i) Consider first a noise along X¯0 which acts on a
state ρ as ρ 7→ ∫ dλh(λ)eiXˆ0λρe−iXˆ0λ with character-
istic function (noise distribution) h(λ) of variance ∆2h.
The effect of this noise can be directly absorbed in the
statistics of the momentum distribution and leads to the
following modification of the variance V (X¯pi/21 +X¯
pi/2
2 ) 7→
V (X¯
pi/2
1 +X¯
pi/2
2 )+∆
2h1 +∆
2h2. Therefore, if the experi-
mental setup suffers from such a noise, we cannot certify
state of effective size larger than Nmaxeff =
1
∆2h1+∆2h2
.
(ii) Similarly, consider a loss channel with transmission
η. It leads to V (X¯pi/21 +X¯
pi/2
2 ) 7→ ηV (X¯pi/21 +X¯pi/22 )+(1−
η) and the maximal certifiable size is given by Nmaxeff =
1
1−η .
(iii) Now consider a phase noise characterized by the
variance ∆ϕ2 =
∫
p(ϕ)ϕ2dϕ. It increases the observed
variance according to V (X¯pi/21 + X¯
pi/2
2 ) ≥ ∆ϕ2(〈X¯01 〉 +
〈X¯02 〉). Specifically for the two-mode squeezed state, one
has Nmaxeff (ψtms) =
1
∆ϕ2(2 sinh2(g)+1)
which decays expo-
nentially with the squeezing parameter (in the limit of
large enough g).
In each case, we clearly see that it becomes harder
and harder to observe narrow variances with two-mode
squeezed states as their size increases. This is in
agreement with recent results [42, 43] stating that it is
difficult to observe the quantum nature of macroscopic
5states. This naturally raises the question of the size
of states that can be observed in practice. Note first
that formulas (8) and (10) are general, i.e. the variance
along the conjugate of quadratures that are maximally
correlated gives a bound on the size of the measured
state. We use them to compare the size of states
obtained in various setups in which the χ2 nonlinearity
is either seeded or embedded in a cavity [8? –13], see
Fig. 1. All these experiments have in common that the
Duan-Simon criterion is used to reveal entanglement and
the photon number is large. We clearly see that their
size cannot be compared to their mean photon number.
In the seeded case, the reason is that the seed increases
the photon number but does not change the variance.
Similarly with a cavity, the photon number can be large
even if the gain slightly dominates the loss provided that
the cavity finesse is large but the variance of interest is
limited by the ratio between the gain and the loss only
(see Appendix B). Interestingly, the results presented in
Fig. 1 can be used directly to quantitatively estimate the
metrologic usefulness of states realized experimentally
as the size Neff gives the QFI through the formula (9).
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Appendix A: Coherence length of correlation Every
two-mode state ρ can be expressed in the joint x-basis
ρ =
∫
F (x1, x2, x¯1, x¯2) |x1, x2〉〈x¯1, x¯2| d~x. (11)
However for our purpose it is useful to make the decom-
position
F (x1, x2, x¯1, x¯2) = p(x1, x2)p
∗(x¯1, x¯2)f(x1, x2, x¯1, x¯2),
(12)
where we can enforce that
∫ |p(x1, x2)|2dx1dx2 = 1 and
f(x1 = x¯1, x2 = x¯2) = 1, and consequently |f(x1 6=
x¯1, x2 6= x¯2)| ≤ 1. The later inequality is ensured by
positivity of ρ, i.e. if it does not hold then there is
a state α |x1, x2〉 + β |x¯1, x¯2〉 that has a negative over-
lap with ρ. The decomposition (12) is useful, because
the function f(x1, x2, x¯1, x¯2) can be simply interpreted
as characterizing the lack of purity of ρ, since for a
pure state |ψ〉 = ∫ p(x1, x2) |x1, x2〉 dx1dx2 it satisfies
f(x1, x2, x¯1, x¯2) ≡ 1.
Let us now consider the mean values of 〈p1(2)〉, 〈p21(2)〉
and 〈p1p2〉 on the state ρ. In this section we denote X¯0 =
x and X¯pi/2 = p Using the representation of momenta
eigenstate in the x basis |p〉 = 1√
2pi
∫
eixp |x〉 one gets
〈p1〉 =
∫
F (x1, x2, x¯1, x¯2)p
e−ip(x1−x¯1)
2pi
δ(x2 − x¯2)dpd~x
〈p21〉 =
∫
F (x1, x2, x¯1, x¯2)p
2 e
−ip(x1−x¯1)
2pi
δ(x2 − x¯2)dpd~x
〈p1p2〉 =
∫
F (x1, x2, x¯1, x¯2)p1p2
e−ip1(x1−x¯1)
2pi
×
e−ip2(x2−x¯2)
2pi
dp1dp2d~x. (13)
Using pne−ip(∆x) = (i∂∆x)ne−ip(∆x) and
1
2pi
∫
e−ip(x−x¯)dp = δ(x − x¯) a simple integration
by parts allows to rewrite the above expressions as
〈p1〉 =
∫
(i∂x1−x¯1)F (x1, x2, x¯1, x¯2)|x1=x¯1dx1dx2
〈p21〉 =
∫
(i∂x1−x¯1)
2F (x1, x2, x¯1, x¯2)|x1=x¯1dx1dx2
〈p1p2〉 =
∫
(i∂x2−x¯2)(i∂x1−x¯1)
F (x1, x2, x¯1, x¯2)|x1=x¯1,x2=x¯2dx1dx2.
Those expressions allow to use the decomposition (12) to
its full advantage, leading to
〈p1〉 = 〈p1〉f≡1 (14)
〈p21〉 = 〈p21〉f≡1 − 〈∂2x1−x¯1f〉
〈p21〉 = 〈p22〉f≡1 − 〈∂2x2−x¯2f〉
〈p1p2〉 = 〈p1p2〉f≡1 − 〈∂x1−x¯1∂x2−x¯2f〉,
with the averages 〈〉f≡1 are taken over the pure state
|ψ〉 = ∫ p(x1, x2) |x1, x2〉 dx1dx2 and
〈D[f ]〉 =
∫
|p(x1, x2)|2D[f ](x1, x2)dx1dx2. (15)
Notice that to derive these expressions, we used the fact
that the first derivatives of f are zero (because ρ is her-
mitian).
The expressions (14) allow one to rewrite the variance
of p1 + p2 in a form where the contributions of p(x1, x2)
and f(x1, x2, x¯1, x¯2) are separated
V (p1+p2) = V (p1+p2)f≡1−〈(∂x1−x¯1+∂x2−x¯2)2f〉. (16)
Remark that for pure states, the variance V (p1 + p2)f≡1
is always positive. This allows us to upper bound the
decay of coherences in the x-basis
− 〈(∂x1−x¯1 + ∂x2−x¯2)2f〉 ≤ V (p1 + p2). (17)
Without supplementary assumptions local derivatives of
f at x1 = x¯1 and x2 = x¯2 are not sufficient to determine
global properties, such that the variances V (x1− x¯1) and
V (x2 − x¯2) of f, as one can imagine irregular functions f
6that have zero derivatives but arbitrarily small variance
V (x1 − x¯1) (e.g. the step function of arbitrarily small
width). But assuming a Gaussian profile for the decay of
coherence allows us to draw conclusion on the coherence
width of f from the upper bound (17), as we show in the
main text.
Appendix B : Quadrature correlations for an amplifier
with loss In this section we derive a simple model for
a two mode optical parametric amplification in a cavity
with loss. The amplification Hamiltonian is given by
HA = iχ(a
†b† − ab), (18)
with χ > 0. The loss is described by a beam-splitter
operating on each mode a and b. The global process can
be seen as a sequence of alternating infinitesimal ampli-
fiers with gain χdt and losses with intensity transmission
1− 2λdt. Consider an operator of the form
O(η, µ, κ) = eκei(ηa†+µb†)ei(η∗a+µ∗b) (19)
and propagate it through an elementary step of our pro-
cess (amplification + loss). It is easy to see that after a
infinitesimal time step dt the operator becomes
trlossU
†
dtO(η, µ, κ)Udt = (20)
O(η + (µ∗χ− ηλ)dt,
µ+ (η∗χ− µλ)dt, κ− (µ∗η∗ + µη)χdt), (21)
where we omit terms of higher order in dt in the expo-
nent and the trace is there to remind that the loss is not
a unitary evolution (the trace is taken over the vacuum
modes of the environment). So during the evolution the
operator Ot = O(η(t), µ(t), κ(t)) keeps its form while the
scalar functions satisfy the system of differential equa-
tions
η˙(t) = χµ∗(t)− λη(t)
µ˙(t) = χη∗(t)− λµ(t)
κ(t) = −χ ∫ t
0
(
η∗(s)µ∗(s) + η(s)µ(s)
)
ds+ κ(0).
(22)
The solution is straightforward(
η(t)
µ∗(t)
)
= exp
(( −λ χ
χ −λ
)
t
)( η0
µ∗0
)
(23)(
µ(t)
η∗(t)
)
= exp
(( −λ χ
χ −λ
)
t
)( µ0
η∗0
)
κ(t) =
(
η0 µ
∗
0
) · (∫ t
0
e
(−λ χ
χ −λ
)
2s
ds
)
·
(
µ0
η∗0
)
+ κ0.
Given the expression of the propagated Ot opera-
tor one can evaluate the quadrature statistics of an
evolved state. Let us calculate the following probability
p(xaθ , y
b
ξ) = 〈|xaθ , ybξ〉〈xaθ , ybξ|〉 on an evolved state. Using
|xaθ〉〈xaθ | =
1
2pi
∫
dζeiζ(xˆ
a
θ−x)dζ (24)
xˆaθ =
1√
2
(a e−iθ + a†eiθ), (25)
the projector on quadrature eigenstates can be expressed
as
|xaθ , ybξ〉〈xaθ , ybξ| =
∫
dζdγ
(2pi)2
e−iζx−iγy×
e−
ζ2+γ2
4 e
i( ζe
iθ
√
2
a†+ γe
iξ
√
2
b†)
e
i( ζe
−iθ
√
2
a+ γe
−iξ
√
2
b)︸ ︷︷ ︸
O0
(26)
where the non-trivial part has the form of the operator
O in (19) with η0 = ζe
iγ
√
2
, µ0 = γe
iξ
√
2
and κ0 = − ζ
2+γ2
4 .
Resolving the time evolution of Ot using (23), one gets
that for the final probability (at time t)
p(xaθ , y
b
ξ) =
∫
dζdγ
(2pi)2
e−iζx−iγy〈Ot〉. (27)
For a coherent input states (seeds) the mean value 〈Ot〉 =
〈α, β| Ot |α, β〉 = eκ(t)ei(α∗η(t)+β∗µ(t))ei(αη∗(t)+βµ∗(t)) is
particularly simple.
A direct calculation using the formulas above gives
p(xaθ , y
b
ξ) =
∫
dζdγ
(2pi)2
e
−i( ζ γ )·
(
x−Z(α,β)
y−Γ(α,γ)
)
e−
ζ2+γ2
4 × (28)
e
− 12 ( ζ γ )·

1
4
(
−1+e−2t(λ+χ)
λ+χ −−1+e
2t(χ−λ)
λ−χ
)
ei(θ+ξ)
(
−−1+e2t(χ−λ)
4(λ−χ) −−1+e
−2t(λ+χ)
4(λ+χ)
)
e−i(θ+ξ)
(
−−1+e2t(χ−λ)
4(λ−χ) −−1+e
−2t(λ+χ)
4(λ+χ)
)
1
4
(
−1+e−2t(λ+χ)
λ+χ −−1+e
2t(χ−λ)
λ−χ
)
·( ζγ )
The Fourier transform yields a Gaussian joint probability
p(xaθ , y
b
ξ) =
√
r−r+
4pi
e
− 14 ( x−Z(α,β) y−Γ(α,β) )·M ·
(
x−Z(α,β)
y−Γ(α,β)
)
,
(29)
where r+ and r− are the two eigenvalues of the matrix
7M given by
r− =
(
λ+ χe−2t(λ+χ)
4(λ+ χ)
)−1
(30)
r+ =
(
λ− χe2t(χ−λ)
4(λ− χ)
)−1
. (31)
Accordingly the joint probability p(xaθ , y
b
ξ) decomposes in
a product of two Gauissians with variance ∆− = 2/r−
in the squeezed direction (decreasing with time) and
∆+ = 2/r+ in the anti-squeezed direction (increasing
with time). Let us comment on their asymptotic values
for t → ∞ (limit of high finesse) for the two different
regimes:
• Below threshold λ > χ,
∆+ → λ
2(λ− χ) ∆− →
λ
2(λ+ χ)
(32)
both variances saturate at constant values.
• Above threshold λ < χ,
∆+ → χ
2(χ− λ)e
2t(χ−λ) ∆− → λ
2(λ+ χ)
(33)
while the variance in the anti-squeezed direction
increases exponentially with time (finesse), the
squeezed width can not be decreased below a con-
stant 12
1
1+χ/λ set by the quality factor of the am-
plification process χλ .
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